Abstract. We prove an optimal systolic inequality for J-invariant, CAT(0) metrics on a genus 2 surface, where J is the hyperelliptic involution. We use a Voronoi cell technique, introduced by C. Bavard in the hyperbolic context. The boundary case of equality is satisfied by a flat singular metric in the conformal class defined by the smooth completion of the curve y 2 = x 5 − x. Thus, among all J-invariant CAT(0) metrics, the one with the best systolic ratio is composed of six flat regular octagons centered at the Weierstrass points of the Bolza surface.
Hyperelliptic surfaces of nonpositive curvature
Over 50 years ago, P. Pu presented, in the pages of the Pacific Journal of Mathematics [Pu52] , the first two optimal systolic inequalities, which came to be known as the Loewner inequality (4.1) for the torus and Pu's inequality (7.2) for the real projective plane.
The recent months have seen the discovery of a number of new optimal global-geometric inequalities [Am04, BK03, BK04, IK04, BCIK05, BCIK04, KL04, Sa04, KS04], as well as near-optimal asymptotic bounds [Ka03, KS05, Sa05] . A number of questions posed in [CK03] have thus been answered. A general framework for systolic geometry in a topological context is proposed in [KR04] .
Meanwhile, the precise value of the optimal systolic ratio of the genus 2 surface has so far eluded researchers, cf. [Ca96, Br96] . We propose an answer in the framework of negatively curved, or more generally, CAT(0) metrics.
The term "CAT(0) space" evokes an extension of the notion of a manifold of nonpositive curvature, to include singular spaces. We will use the term to refer to surfaces with metrics with only mild quotient singularities, where the condition of nonpositive curvature translates into a lower bound of 2π for the total angle at the singularity. We need such an extension so as to include the metric which satisfies the boundary case of equality of an optimal inequality (1.1) described below. Definition 1.1. A conformal involution J of a compact Riemann surface X of genus g is called hyperelliptic if J has precisely 2g + 2 fixed points. The fixed points of J are called the Weierstrass points of X.
The quotient Riemann surface X/J is then necessarily the Riemann sphere, denoted henceforth S 2 . Let Q : X → S 2 be the conformal ramified double cover, with 2g + 2 branch points. Thus, J acts on X by sheet interchange. Recall that every surface of genus 2 is hyperelliptic, i.e. admits a hyperelliptic involution [FK92, Proposition III.7.2]. We will denote by sysπ 1 (G) the least length of a noncontractible loop in (X, G). Theorem 1.2. Every J-invariant CAT(0) metric G on a surface Σ 2 of genus two, satisfies the following optimal inequality:
The boundary case of equality is attained by a singular flat metric, with 16 conical singularities, in the conformal class of the Bolza surface.
The optimal metric is described in more detail in Section 4. The Bolza surface is described in Section 3. Theorem 1.2 is proved in Section 6 based on the octahedral triangulation of S 2 .
Remark 1.3. A similar optimal inequality can be proved for hyperelliptic surfaces of genus 5 based on the icosahedral triangulation, cf. [Bav86] .
Systolic ratios
Definition 2.1. Given a metric G, let SR(G) denote its systolic ratio
Given a compact Riemann surface X, its optimal systolic ratio is
Finally, given a smooth compact surface M, its optimal systolic ratio is defined by setting
The latter ratio is known for the Klein bottle, cf. (7.3), in addition to the torus and real projective plane already mentioned. Note that averaging a conformal metric by the hyperelliptic involution improves the systolic ratio of the metric, cf. Section 7, but may take one out of the class of CAT(0) metrics. In the class of all metrics without any curvature restrictions, no singular flat metric on a surface of genus 2 can give the optimal systolic ratio in this genus [Sa04] . The best available upper bound for the optimal systolic ratio of an arbitrary genus two surface is γ 2 ≃ 1.1547 by [KS04] . The Bolza surface, cf. Section 3, is extremal for two distinct problems:
• the systole of hyperbolic surfaces [Bav86] , [Sc93, Theorem 5.2];
• the conformal systole of Riemann surfaces [BS94] . The square of the conformal systole of a Riemann surface is also known as its Seshadri constant [Kon03] . The Bolza surface is also conjectured to be extremal for the eigenvalue of the Laplacian. Such extremality has been verified numerically [JP04] . The above evidence suggests that the systolically extremal surface may lie in B, as well. Meanwhile, we have the following result, proved in Section 7. 
Distinguishing 16 points on the Bolza surface B
We distinguish the conformal class of the Bolza surface B, i.e. the smooth completion of the affine algebraic curve
It is the unique surface of genus two with a group of holomorphic automorphisms of order 48. (A way of passing from an affine hyperelliptic surface to its smooth completion is described in [Mi95, .)
We make note of 16 special points on B. We refer to a point as being special if it is a fixed point of an order 3 automorphism of B.
Consider the regular octahedral triangulation of S 2 = C ∪ ∞. Its set of vertices is conformal to the set of roots of the polynomial x 5 − x of formula (3.1), together with the unique point at infinity. Thus the six points in question can be thought of as the ramification points of the ramified conformal double cover B → S 2 , while the 16 special points of B project to the 8 vertices of the cubical subdivision dual to the octahedral triangulation.
In other words, the x-coordinates of the ramification points are
which stereographically correspond to the vertices of a regular inscribed octahedron. The conformal type therefore admits the symmetries of the cube. If one includes both the hyperelliptic involution, and the real involution of B corresponding to the complex conjugation (x, y) → (x,ȳ) of C 2 , one obtains the full symmetry group Aut(B), of order
see [KuN95, p. 404] for more details.
A flat singular metric in genus two
The optimal systolic ratio of a genus 2 surface (Σ 2 , G) is unknown, but it satisfies the Loewner inequality
see [KS04] . Here we discuss a lower bound for the optimal systolic ratio in genus 2, briefly described in [CK03] . The example of M. Berger (see [Gr83, Example 5.6.B ′ ]) in genus 2 is a singular flat metric with conical singularities. It has systolic ratio SR = 0.6666. This ratio was improved by F. Jenni [Je84] , who identified the hyperbolic genus 2 surface with the optimal systolic ratio among all hyperbolic genus 2 surfaces (see also C. Bavard [Bav92] and P. Schmutz [Sc93, Theorem 5.2]). The surface in question is a triangle surface (2,3,8). Its conformal class is that of the Bolza surface, cf. Section 3. It admits a regular hyperbolic octagon as a fundamental domain, and has 12 systolic loops of length 2x, where = 4 √ 3x 2 . Meanwhile, sysπ 1 = 2x, corresponding to the inverse image of an edge under the double cover Q : B → S 2 . The systolic ratio is therefore
which is not as good as either of the above examples.
With an eye to diminishing the area, notice that the systolic loop remains locally minimizing if the angle of the triangle with side x is decreased from . Its barycentric subdivision consists of 6 copies of a flat right angle triangle, denoted
Notice that the metric is smooth at a Weierstrass point of B (i.e. the total angle is 2π). Thus, the metric has only 16 singularities, precisely at the special points of Section 3, proving items 1 and 2 of the proposition. Each singular point has a total angle 9π 4
around it, which could have been calculated also from the Gauss-Bonnet formula
where the sum is over all singularities σ of a singular flat metric on a surface of genus g. Here the cone angle at singularity σ is 2π(1 + α(σ)). We have sysπ 1 (G O ) = 2x by Lemma 4.2. The systolic ratio is therefore calculated as follows: Proof. Denote by B (1) the graph on B given by the inverse image under Q of the 1-skeleton of the cubical subdivision of S 2 . The graph B
partitions the surface into six regular octagons. Let x be the distance between a pair of opposite sides of the regular flat octagon, and y be the distance between adjacent vertices of the octagon. Consider a loop α ⊂ B of length smaller than 2x. We will (1) .
The partition of B into octagons induces a partition of the loop α into arcs α i , each lying in its respective octagon. Each of these arcs may be assumed to be a straight line segment in its octagon. The boundary points of α i split the boundary of the octagon into a pair of paths. Let β i be the shorter of the two paths. Then clearly
We will first deform the loop into the graph B (1) . The deformation will fix the intersection points α ∩ B
(1) . Inside an octagon, we deform the arc α i to the arc β i . Replacing the resulting loop by the unique imbedded loop in its free isotopy class in B
(1) , we obtain a loop β ⊂ B
(1) of length at most length(β) ≤ 4y x length(α) < 8y by (4.2). Thus, β contains fewer than 8 edges of B (1) . Hence its image under Q must retract to a loop with six edges in the 1-skeleton of the cubical subdivision of S 2 . Indeed, the number of edges must clearly be even. If the number is 4, then the loop lies in the boundary of a square face of the cube in S 2 . But the boundary of a face does not lift to B, since it surrounds a single Weierstrass point, namely the center of the square face.
There are two types of circuits with six edges in the 1-skeleton of the cubical subdivision of S 2 :
(a) the boundary of the union of a pair of adjacent squares; (b) a path consisting of the edges meeting a suitable great circle. However, a path of type (b) surrounds an odd number (3) of Weierstrass points and hence does not lift to the genus 2 surface. Meanwhile, a path of type (a) surrounds two Weierstrass points and hence does lift to the surface. Such a path is freely homotopic in B to the smooth closed geodesic which is the inverse image of the shortest path on S 2 joining the two Weierstrass points. The closed geodesic is necessarily length minimizing in its free homotopy class, by our CAT(0) hypothesis, and has length 2x. Thus β, and therefore also α, are contractible, proving the lemma.
Voronoi cells and Euler characteristic
The following proposition provides a preliminary lower bound on the area of hyperelliptic surfaces with nonpositive curvature. 
Proof. We normalize the metric to unit systole, i.e. sysπ 1 (M, G) = 1. The preimage by Q : M → S 2 of an arc of S 2 joining two distinct branch points forms a noncontractible loop on M. Therefore, the distance between two Weierstrass points is at least
. Thus, we obtain six disjoint disks of radius 1 4 , centered at the Weierstrass points. Since the metric is CAT(0), the area of each disk is at least
π.
An optimal lower bound requires a more precise estimate on the area of the Voronoi cells. The idea is to replace area of balls by area of polygons, where control over the number of sides is provided by the Euler characteristic, cf. [Bav92] .
Denote by u :M → M its universal cover. Let {x i | i ∈ N} be an enumeration of the lifts of Weierstrass points onM . The Voronoi cell V i ⊂M centered at x i is defined as the set of points closer to x i than to any other lift of a Weierstrass point. In formulas,
The Voronoi cells onM are polygons whose edges are arcs of the equidistant curves between a pair of lifts of Weierstrass points. Note that these edges are not necessarily geodesics. The Voronoi cells onM are topological disks, while their projections u(V i ) ⊂ M may have more complicated topology. Thus, the surface M decomposes into 2g + 2 images of Voronoi cells, centered at the 2g + 2 Weierstrass points. By the number of sides of u(V ) we will mean the number of sides of the polygon V . . This formula provides a lower bound for the area of the Voronoi cells as in (6.2). The proof is completed by Jensen's inequality applied to the convex function tan(
x 2 ) when 0 < x < π. In the boundary case of equality, all angles θ must be equal, curvature must be zero because of equality in Toponogov, and we easily deduce that each Voronoi cell is a regular octagon.
Arbitrary metrics on the Bolza surface
The conformal class of the Bolza surface B, cf. Section 3, is likely to contain a systolically optimal surface in genus 2, as discussed in Section 1.
Theorem 7.1. Every conformal metric G on the Bolza surface satisfies the bound
Proof. An arbitrary conformal metric can be averaged by Aut(B). This only improves the systolic ratio. Therefore we can assume that the metric G is invariant under Aut(B). Thus all six Voronoi cells are isometric. Let A ∈ B be a Weierstrass point. Denote by V A ⊂ B its Voronoi cell with respect to the Aut(B)-invariant metric.
Since the metric is J-invariant, its restriction to V A is invariant with respect to the 180 degree rotation around A ∈ V A . Identifying all pairs of opposite points of the boundary ∂V A , we obtain a projective plane RP 2 . Since
by Pu's inequality, the area of the surface is at least . Suppose there is a pair of opposite points of ∂V A with a path α shorter than We will construct a short path in the free homotopy class of this noncontractible loop. The pair of opposite sides given by the intersection V A ∩ V B is Jinvariant by construction. Consider the axis of V A which meets V A ∩V B . Then the reflection r of α in this axis produces another path, r(α), of the same length, such that the two paths intersect at a point of the axis of the reflection r. Switching the arcs between α and r(α) results in a new path, β ⊂ V A , shorter than , connecting a pair of corresponding (not opposite) points of the pair of sides V A ∩ V B . Combining the path β ⊂ V A with the symmetric path in V B joining the same endpoints, we obtain a noncontractible loop shorter than 1. This contradicts the normalisation chosen above.
